The electric solar wind sail produces thrust by centrifugally spanned high voltage tethers interacting with the solar wind protons. The sail attitude can be controlled and attitude maneuvers are possible by tether voltage modulation synchronous with the sail rotation. Especially, the sail can be inclined with respect to the solar wind direction to obtain transverse thrust to change the osculating orbit angular momentum. Such an inclination has to be maintained by a continual control voltage modulation. Consequently, the tether voltage available for the thrust is less than the maximum voltage provided by the power system. Using a spherical pendulum as a model for a single rotating tether, we derive analytical estimations for the control efficiency for two separate sail control modes. One is a continuous control modulation that corresponds to strictly planar tether tip motion. The other is an onoff modulation with the tether tip moving along a closed loop on a saddle surface. The novel on-off mode is introduced here to both amplify the transverse thrust and reduce the power consumption. During the rotation cycle, the maximum voltage is applied to the tether only over two thrusting arcs when most of the transverse thrust is produced. In addition to the transverse thrust, we obtain the thrusting angle and electric power consumption for the 
Introduction
The thrust of the electric solar wind sail is produced through an interaction of the solar wind protons and electrostatic electric field of long electrically charged tethers [1] . The tethers are spanned centrifugally to form a sail rig slowly rotating together with the spacecraft main body (Fig. 1) . The positive tether voltage of a few tens of kilovolts is actively maintained by an electron gun powered by solar panels. The spatial scale size of the electric field structure around the tethers is several hundreds of meters forming an effective sail area against the solar wind dynamic pressure. The obtained thrust is several hundreds of nN/m over the tether length [2] . The tethers are light-weight and made of micrometer thin (a few tens of µm) aluminum wires ultrasonically bonded together [3] for redundancy against the micrometeoroid flux. To maintain the tethers rotating in unison, there are two principal electric solar wind sail designs. One assumes mechanically coupled tethers by flexible auxiliary tethers connecting the main tether tips [4] . At each tether tip, there is a remote unit that includes auxiliary tether reels for the sail deployment while the main tethers are reeled out from the central body of the spacecraft.
As a baseline, miniature cold gas thrusters are also included to start the sail rotation by producing the required angular momentum [5] . The other design assumes that the tethers are mechanically uncoupled and the rotation rate is controlled by freely guided photonic blades at each tether tip [6] .
The electric solar wind sail attitude maintenance and maneuvers can be introduced by modulating the voltage of each tether individually and synchronously with the spacecraft rotation. The sail nominal rotation plane can be turned to incline the sail thrust vector relative to the Sun-spacecraft direction. In the normal flying mode, the sail is inclined with respect to the Sun-spacecraft direction either to gather or diminish the osculating orbit angular momentum. In this mode, tether voltages have to be modulated continually. As the average tether voltage is less than the maximum provided by the spacecraft power system, the control mode affects the sail efficiency.
The electric solar wind sail thrusting geometry is such that the thrust generated by a single tether is along the solar wind component perpendicular to the tether (Fig. 2 ). For simplicity, the coordinate systems in this study are as follows. The spacecraft orbital coordinates are such that X * is along the spacecraft orbital velocity, Z * points to the Sun, and Y * is normal to the orbital plane. The sail coordinates (X,Y,Z) are then rotated by the sail angle (α) around the Y * axis as shown in Fig. 2 . The thrust magnitude and direction depend then on the tether rotation phase as depicted in Fig. 2 in terms of the tether acceleration (a). When the tether (white circle) is normal to the orbital plane (X-Z plane) the thrust has only a radial component (a ⊥ ).
Maximum transverse thrust (a ) is obtained when the tether is in the orbital plane. The total thrust vector is then obtained as a rotation phase average together with the control voltage modulation combining the effects of the thrust geometry and the voltage modulation to the overall sail thrust.
Recently, the electric solar wind sail tether was modeled as a spherical pendulum [7] . As the tether is much longer (up to a few tens of kilometers) than any spacecraft spatial size, the central plate effect can be neglected, and the tether is rather a spherical than a rotating pendulum (pendulum pivot attached to a rotating plate). It was shown that there is an analytical form for the voltage modulation that maintains the sail attitude with respect to any practical Sun direction (Fig. 3) . As a result, the tether rotates in a cone with its tip rotating in a plane. The coning angle is defined by the electric solar wind sail and centrifugal forces.
The sail guidance, including the thrust vectoring, spin plane maneuvers, attitude maintenance, and navigation in variable solar wind is a key component in mission analysis of the electric solar wind sail applications.
Given the baseline of 1 N thrust of a full scale sail [8] , several types of missions have been suggested and analyzed [9] , [5] . These include outer solar system exploration [11] , missions in non-Keplerian orbits [10] , asteroid missions [12] , [13] , and protection from hazardous asteroids [13] , [14] . Many of these missions require accurate navigation to the target in variable solar wind conditions [15] . Based on the results of this paper, the thrust vectoring and sail control mode efficiency in terms of the transverse thrust and electric power consumption are available for the future sail navigation and mission analysis.
In this paper, the motion of an on-off controlled tether is analyzed in 2. Analysis of tether motion for on-off mode
Equations of motion
The tether dynamics with a fixed tether length can be described as a spherical pendulum with equations of motion
a φ = cos Λφ − 2 sin ΛΛφ = −gk sin α sin φ.
The acceleration (a θ , a φ ) is given in spherical coordinates (r, θ, φ) corresponding to the sail coordinates as defined in Figs. 2 and 3 . The equations of motion are given in terms of the coning angle Λ = θ − π/2. Assuming that the tether has a constant linear mass density, the tether motion is parametrized
where ξ is constant arising from the electric sail thrust law [2] , u is the solar wind velocity, and m is the tether mass. Note that k is negative as 
Free tether motion
When the tether voltage is off (g = 0), the tether rotates in a plane with angular speed ω with
The angular speed is a constant of free motion. The equation of the plane can be given as
where we have assumed that the plane is tilted around Y axis by angle µ as shown in Fig. 4 . Furthermore, Eq. (2) can be written as
implying that the Z component of the angular velocity is a constant of motion.
The free motion is fixed (ω ≡ ω 0 ) at (X, Y, Z) = (0, l cos µ, l sin µ), where φ = π/2, Λ =| µ |, andΛ = 0. Using Eq. (4) at this point, the constant associated with Eq. (6) can be fixed, and cos 2 Λφ = ω 0 cos µ. Finally, solving cos 2 Λ using Eq. (5), the square of the angular frequency can be written aṡ
Forced tether motion
When the voltage is turned on the tether leaves the initial plane of free motion and adopts another plane when the voltage is turned off again. Especially, one can first consider two planar tether tip orbits as shown with dashed curves in Fig. 4 . When the tether voltage is turned on for the sector (thrusting arc A) near the positive X axis, the tether tip transits from one plane to the other (µ → −µ). Turning the voltage on around negative X axis (arc B), the tether returns to the initial plane. In Appendix A, we show that such trajectories exist. For given arc length A (φ A ), electric solar wind sail force parameter (k), and tether initial angular speed (ω 0 ), the free plane tilt angle
and arc length B
can be solved to define the tether motion under the on-off modulation. Note that the arcs are nonsymmetric due to the sail inclination, and κ 0 = k/ω • is pushing the limits of the approximation based on a power series expansion in φ.
Analysis of control mode efficiencies
The Cartesian components of the acceleration in terms of the spherical components read as
a y = −a θ sin Λ sin φ + a φ cos φ (11) that are given in terms of the coning angle Λ as in Eq. (1) and Eq. (2).
The acceleration is calculated in the sail coordinates and must be rotated by the sail angle to the orbital coordinates for the radial and transverse thrust components.
To compare the control mode efficiencies, it is assumed that the tether is initially rotating freely with ω = ω 0 before any control mode is applied. Then we define a parameter ρ as a ratio of the electric solar wind sail (F ES = ξ | u | l) and the centrifugal force (F CF = 1/2mω 2 0 l) integrated over the tether length l,
Use of ρ is motivated by the fact that the coning angle (λ) is not a natural parameter for the on-off mode tether attitude (λ = 0) as it is for the smooth mode (λ = 0).
The electric power for the electric solar wind sail tether depends on the tether voltage V and is proportional to V 3/2 [16] . Thus the power estimate is then proportional to the temporal average of g 3/2 over the rotation period (< g 3/2 > t ). For simplicity, however, we consider the angular average < g > 3/2 as the power estimate. Numerical calculations show that this simplification underestimates the power consumption of the smooth mode by a few percent (< 4%) depending on the sail plane inclination and the ratio of sail and centrifugal forces.
Smooth mode efficiency
Using the equation of motion, it can be shown that modulation
keeps the sail coning angle constant [7] , where χ = tan α tan Λ. Note also that the control signal is normalized to its maximum value (max(g) = 1) instead of < g >= 1 [7] .
When the smooth modulation is turned on the tether proceeds to rotate with some coning angle Λ. During a slow transition, Eq. (6) holds, ω Z is an adiabatic invariant, and
where ν a is the angular average of the angular frequency (<φ >). Furthermore, substituting Eq. (14) in Eq. (1), averaging over the rotation phase (Λ = 0), and using Eqs. (13) and (15), we write To calculate the thrust, the spherical components of the acceleration of Eqs. (1) and (2) are replaced by Eqs. (10)- (12). Non-zero components of the rotation phase averaged acceleration components can be written as
after using trigonometric identities.
The phase averaged quantities are of the form of < g cos n φ >= (1−χ) 3 I n where
These integrals can be executed by a computer algebra system such as Maxima [17] and are given in Appendix B. The average modulation < g > needed for the power consumption estimate reads as
as
The Y component of the acceleration includes terms proportional either to < g sin φ > or < g sin φ cos φ > that equal to zero. Finally, these components are rotated to the orbital coordinates giving the radial and transverse thrust as
The thrust angle can be expressed by
On-off mode efficiency
For the on-off mode, the tether attitude can be described by the tilt angle of the free plane (µ) as a function of ρ and α (Fig. 7) . This corresponds to the the maximum instantaneous tether coning angle and is about half of the smooth mode coning angle shown in Fig. 6 .
The efficiency analysis of the on-off mode can be carried out by using the results of Section 2.3. The average modulation for the power consumption can be written as
Similarly to the smooth mode efficiency analysis, using Eqs. (1), (2), (10), (11), (12) , and linearizing in Λ, the averaged components of acceleration can be written as
< a z > = k(sin α < gΛ cos φ > + cos α).
Expanding these components in φ, integrating over the arcs A and B, and rotating the acceleration components to the orbital coordinates, the average radial and transverse components of the acceleration can be written as
The thrusting angle of the on-off modulation can be expressed then as tan ψ = − tan α
where the leading term is − tan α as expected. The minus sign is due to the definition of a ⊥ being negative for all sail angles.
Results: control mode comparison

Power consumption
The estimates for the power consumption of the control modes were given by Eq. (20) and Eq. (26). 
Transverse thrust
Another important parameter to characterize the control modes is the amount of transverse thrust. of the total thrust for the smooth modulation. In addition, the transverse thrust falls significantly both in α and ρ from its maximum. For example, the transverse thrust is about 17% when ρ ≈ 3.5, corresponding to a coning angle of 7
• . Note that the same behavior can be obtained by the sail angle of about 20
• for a fast spinning sail (zero coning angle). These results indicates that the stronger the tether material is, the smaller fraction of available power is required for the sail attitude control, and the more efficient the sail is.
For the on-off modulation, the transverse thrust is about 10% for properly inclined sail. Note that it is expected that the transverse thrust of the on-off modulation is smaller than that given by smooth modulation since a fraction of the transverse thrust comes outside the thrusting arc. Another way to compare the transverse thrust is to scale the control mode transverse thrust by the power system mass that is proportional to the power consumption.
The scaling factor is about 0.15 as the maximum of the power consumption of the on-off mode shown in Fig. 11 . Thus the maximum scaled transverse thrust is about 0.8 (= 0.12/0.15) to be compared with 0.23 of the smooth mode (Fig. 11 ).
Thrust angle
To compare the radial and transverse thrust for the control modes, Figs. 12 and 13 show the thrust angle. In the case of the smooth modulation, the thrust angle is about half of the sail angle and reaches its maximum (about 20
• ) when the sail angle of 45
• . There is no use of turning the sail more than 45
• in terms of the thrust angle when using the smooth modulation. For the on-off modulation, the thrust angle roughly equals to the sail angle. 
Discussion
In this work, we assumed that the tether dynamics can be described by a spherical rigid rod pendulum. The single pendulum that is mechanically uncoupled to the neighboring tethers describes the electric solar wind sail design assuming freely guided photonic blades for the additional spin rate control. The ultimate difference in tether dynamics of this design is that the tether rotation rate varies in rotation phase, especially when the smooth modulation is used. This implies a voltage modulation amplitude larger than that required for the mechanically coupled design. Thus the smooth mode efficiency is underestimated in this study for the auxiliary tether design with the tethers rotating in unison. In the case of the on-off modulation, the tether rotation rate variation is negligible, and it can be expected that the estimates given here are valid for the auxiliary tether design when using the on-off modulation. For better analytical estimates for the smooth modulation, the electric solar wind sail can be assumed as a rigid body with a number of tethers connected by the auxiliary tethers as a future study. In practice, realistic tether voltage finite rise and decay times have to be taken into account. This affects both the tether control and the efficiency estimates. We tested a simple control routine to see that the tether tip can be maintained on a closed loop resembling closely the motion of the on-off modulated tether described here. The scheme was such that the sail coordinates were rotated back (and forth) corresponding to the flip of the free rotation plane while the tether was moving along arcs A (and B). In these rotated coordinates, we controlled the temporal change of the tether local coning angle to keep the tether rotating in (X,Y) plane of the rotated coordinates system. The scheme resulted in a smoothed on-off tether modulation signal. As the scheme is far from being technically feasible for the tether control as such the result were not discussed in detailed in this paper. We anticipate however that the efficiency estimates do not change dramatically due to the on-off modulation with realistic rise and decay times.
In reality, the tethers are flexible and the sail cannot be rotated infinitely fast the tethers to behave as rigid rods under the centrifugal force. Thus it 
where κ Θ = k/ν 2 Θ . As a next step, we replace sin φ and cos φ by their power expansions in Eqs. (A.4) and (A.5). First,φ 2 can be readily written aṡ
Then Λ(φ) can be solved as a power series as
The coefficients a i can be obtained by a computer algebra systems such as Maxima [17] , and Λ(φ) can be written as Λ ≈ Λ Θ + a and is given in terms of the free coefficient a 
